1 Introduction general form (36) by appropriate choices of cutoff functions. This will be explained in the second half of Appendix A.
The main part of the paper is Sect. 3, where we introduce wave function renormalization not by changing the normalization of an elementary field but by changing that of K Λ . For keeping Sect. 3 short and clear as much as possible, we have collected all the relevant (mostly known but some new) results in Sect. 2. Almost everything we write in Sect. 2 has been written before, but it is handy to have them all here. This section also serves the purpose of making the reader familiar with our notation. A well-informed reader can skip this section. In Sect. 4 we rewrite the ERG differential equations obtained in Sect. 3 using the dimensionless notation. This is necessary to have fixed point solutions. We will be brief since the rewriting is pretty standard. In Sect. 5 we summarize and conclude the paper. We have added four appendices. Appendix A supplements further the review given in Sect. 2.
We hope this makes the paper self-contained without getting too long. We then explain the relation of our results to those obtained by C. Bervillier [16] [17] [18] in Appendix B and those by Osborn and Twigg [13] and by Rosten [14] in Appendix C. Finally, in Appendix D, we
give examples of calculating the anomalous dimensions using ERG perturbatively.
2 Mostly review of the relevant results
There are many reviews available on the subject of ERG [1] [2] [3] [4] [5] [6] [7] [8] [9] . Rather than referring the readers to them, we review all the necessary results in this preparatory section. Parts of 2.3-5 are new for the viewpoint we provide. Here is a word of warning: we have adopted a not-so-popular convention for the sign of the Wilson action S Λ so that the Boltzmann weight is e S Λ instead of the more usual e −S Λ . This reduces the number of minus signs in the formulas. We work in D dimensional Euclidean space, and we use the notation
for momentum integrals and the D-dimensional delta function.
ERG differential equation
Let S Λ be a Wilson action with a momentum cutoff Λ. As we lower Λ, we change S Λ such that physics is preserved. The specific Λ-dependence is given by the exact renormalization
which is characterized by two positive cutoff functions K Λ (p) and k Λ (p). [19] K Λ (p) must have the properties
while k Λ (p) must vanish as p 2 → 0:
Any ERG differential equation given in the past can be written as above if the cutoff functions are chosen appropriately. As we will see in Sect. 3, this is still the case even with an anomalous dimension.
For example, the choice
was made when the ERG differential equation was written for the first time [20] . For perturbative applications [21] , it is convenient to choose
so that K(p/Λ)/p 2 and (1 − K(p/Λ))/p 2 are interpreted as low and high momentum propagators, respectively.
Modified correlation functions
Using K Λ & k Λ we can introduce modified correlation functions as
S Λ is expected to suppress the fluctuations of high momentum modes, and the division by K Λ (p) enhances those fluctuations. The propagator k Λ (p)/p 2 modifies two-point functions only at momenta of order Λ or higher. The modified correlation functions thus defined are independent of the cutoff Λ if S Λ satisfies (2). In fact, as shown in [19] , we can derive the ERG differential equation (2) by demanding the Λ-independence of (7).
In the first half of Appendix A we solve (2) and show the Λ independence of (7).
Equivalent Wilson actions
where
is the Wilson action obtained by the substitution:
If we define
then S Λ with K Λ , k Λ has the same modified correlation functions as
These are independent of Λ if S Λ satisfies the ERG differential equation (2) with K Λ , k Λ . Then, S ′ Λ is guaranteed to satisfy the ERG differential equation with
: equivalent actions give the same modified correlation functions.
Please note that a somewhat broader definition of equivalence was introduced in [19] : a combination (S, K, k) of a Wilson action and two cutoff functions is regarded as equivalent to (S ′ , K ′ , k ′ ) if they give the same modified correlation functions. Hence, (S Λ , K Λ , k Λ ) for all Λ belongs to the same class of equivalent actions. (Strictly speaking, Λ should not be smaller than the physical mass.) We have adopted a narrower definition so that two equivalent actions are related to each other by a simple linear field transformation (9).
Functional W Λ [J]
Given S Λ satisfying (2) with K Λ , k Λ , we definẽ
This satisfies
where we define
The first term can be eliminated by the change of field variables from φ(p) to
Defining 
and S Λ [φ] is determined as
If we choose
, the resulting S ′ Λ and k ′ Λ satisfy respectively (9) and (10) . Hence, the pair (W Λ , R Λ ) corresponds to a class of equivalent Wilson actions
, · · · all of which give rise to the same modified correlation functions.
Legendre transformation
Given W Λ [J], we introduce a Legendre transformation:
where, for given Φ(p), we determine J(p) by
The inverse transformation is given by (20) where, for given J(p), Φ(p) is determined by
Let (S Λ , K Λ , k Λ ) be one of the combinations corresponding to W Λ [J]. We can then rewrite (21) as
7 This is a composite operator corresponding to the elementary field φ(p). Its modified correlation functions satisfy
It is a general property of the Legendre transformation that the second order differentials
are the inverse of each other:
We will use the notation
when we prefer to regard this as a functional of Φ. Another general property of the Legendre transformation is that
share the same Λ-dependence:
where we have used (17) and (27). We now define the 1PI action Γ Λ [Φ] so that
The excluded term is often called a scale dependent mass term. The 1PI action has a very simple Λ-dependence:
Using Γ Λ we can rewrite (26) as
It is important to note that the 1PI action Γ Λ [Φ] (with R Λ ) corresponds one-to-one to W Λ [J] (with R Λ ). Hence, all the equivalent combinations (S Λ , K Λ , k Λ ), giving rise to the same modified correlation functions, correspond to the same 1PI action. We end this section by writing down the Legendre transformation (20) using S Λ instead of W Λ :
3 Wave function renormalization for the Wilson and 1PI actions
After a long preparation, we are ready to discuss wave function renormalization in the ERG formalism. We first introduce a cutoff dependent positive wave function renormalization constant Z Λ . We denote the anomalous dimension by
Physics dictates an appropriate choice of Z Λ . For now, we can keep it arbitrary. We wish to construct a Wilson action whose modified correlation functions are proportional to appropriate powers of Z Λ :
This implies
Hence, S Λ satisfies the ERG differential equation for the cutoff functions
This is the general form of the ERG differential equation with an anomalous dimension.
(This result is not unknown; its dimensionless form was given in [19] as (43).)
The last term proportional to γ Λ is worthy of a comment. It is an equation-of-motion composite operator that counts the number of φ's:
where Φ(p) is defined by (23) . Using (23), we obtain
up to an additive field independent constant. This has the modified correlation functions
N Λ is a particular example of equation-of-motion composite operators, also called redundant operators, marginal operators, or exactly marginal redundant operators in the literature. (See [22] for the original discussion. In the context of ERG, see, for example, [23] , [24] , Appendix A of [13] , and the reviews [8, 9] .)
Using the prescription given in Sect. 2.5, we can construct a 1PI action. The result depends on whether we take K Λ or K Z Λ = √ Z Λ K Λ as one of the cutoff functions together with the fixed k Λ . Let us first consider the combination (S Λ , K Λ , k Λ ) that corresponds to Z Λ -dependent modified correlation functions. We then obtain
and the 1PI action
We repeat the above for the combination (S Λ , K Z Λ , k Λ ) that corresponds to Λ-independent modified correlation functions. Since
we obtain
and
Comparing this with (40), we obtain
Please note that the same 1PI action is obtained from any combination
gives the same Γ Z Λ [Φ]. Let us find the Λ-dependence of the 1PI actions. The prescription of Sect. 2.5 applies directly to Γ Z Λ [Φ] that corresponds to Λ-independent modified correlation functions. We
This result for Γ Z Λ is given in [12] for gauge theories and in [5] for generic scalar theories. Consequently, the ERG differential equation for
is obtained as
We regard (49) for Γ Λ , first obtained by T. Morris in [10, 11] , as the general form of the ERG differential equation for the 1PI actions.
In (49), the term proportional to γ Λ is given by the equation-of-motion operator
This equals N Λ [φ] given by (37), written in terms of Φ instead of φ.
Fixed point
So far we have considered an arbitrary anomalous dimension γ Λ and its integral Z Λ . Its introduction becomes essential when we look for a fixed point of the ERG differential equation, either for the Wilson action or the 1PI action. For the differential equation to have a fixed point, we need to adopt the dimensionless notation by measuring dimensionful quantities in units of appropriate powers of the momentum cutoff Λ. Rewriting of the 12 ERG differential equation (36) and (49,51) is straightforward. We only give results here. We introduce a logarithmic scale parameter t by
where µ is an arbitrary momentum scale. A different choice of µ amounts to a constant shift of t. Denoting the cutoff functions by
we can rewrite (36) as
where we have denoted γ Λ as γ t . Similarly, we can rewrite (49) as
and (51) as
To obtain a fixed point, we must choose t-independent cutoff functions:
Then, the above ERG differential equations become simpler:
The anomalous dimension γ t can be chosen so as to fix a particular term (the kinetic term, for example) in S t . Alternatively, it can be chosen as the fixed-point value γ * in a neighborhood of the fixed point. The fixed point action S * satisfies
and the corresponding 1PI action Γ * satisfies
We can solve (64) and (65) only for particular choices of γ * .
Summary and conclusions
In this paper we have made the best effort to elucidate the structure of the exact renormalization group both for the Wilson actions and for the 1PI actions. Especially, we have tried to demonstrate the simplicity of introducing an anomalous dimension to the ERG differential equations.
We have started with introducing classes of equivalent Wilson actions. A Wilson action S Λ with a momentum cutoff Λ is paired with two cutoff functions of momentum: K Λ (p) and k Λ (p). We then construct modified correlation functions (7) using K Λ and k Λ . A class of equivalent Wilson actions consists of those combinations of (S Λ , K Λ , k Λ ) giving the same modified correlation functions. The equivalence of (S Λ , K Λ , k Λ ) and (
K ′ Λ (p) 2 , and that S Λ and S ′ Λ are related by (9) .
The crux of the paper is the observation that all the equivalent Wilson actions correspond to the same 1PI action Γ Λ [Φ] via the Legendre transformation (20) (equivalently (32) or (40) ).
This correspondence is many-to-one, since the Wilson action depends on two cutoff functions K Λ , k Λ ; the 1PI action depends only on R Λ .
We have introduced the anomalous dimension γ Λ of the elementary field by demanding the Λ-dependence of the modified correlation functions as given by (34). From this we have derived the general form (36) of the ERG differential equation for the Wilson action.
We regard (36) as the counterpart of the general form (49) for the 1PI action, introduced previously by Morris [10, 11] .
As long as two Wilson actions share the same R Λ , we can transform one Wilson action to another equivalent one just by changing K Λ . For example, the Wilson action introduced by Bervillier in [16] has an arbitrary cutoff function K Λ (p) which he took to be the same as R Λ (p). By choosing this R Λ (p) appropriately (its explicit form is given in Appendix C), we can convert Bervillier's ERG differential equation into the one by Ball et al. given in [15] .
Though we have discussed a generic scalar theory in this paper, nothing prevents us from introducing anomalous dimensions to the fermionic and gauge fields by extending our results.
